Two-dimensional thin plates are widely used in many aerospace, automotive and marine applications. Vibration attenuation can be achieved in these structures by attaching piezoelectric elements on to the structure integrated with shunt damping circuits. This enables a compact vibration damping method without adding significant mass and volumetric occupancy, unlike the bulky mechanical dampers. Practical implementation of shunt damping technique requires accurate modeling of the host structure, the piezoelectric elements and the dynamics of the shunt circuit. Unlike other studies in the literature of piezoelectric shunt damping, this work utilizes a multi-modal equivalent circuit model (ECM) of a thin plate with multiple piezo-patches, to demonstrate the performance of shunt circuits. The equivalent system parameters are obtained from the modal analysis solution based on the Rayleigh-Ritz method. The ECM is coupled to the shunt circuits in SPICE software, where the shunt configuration consists of three branches of electrical resonators, each tuned to one vibration mode of the structure. Using the harmonic analysis in SPICE for a range of excitation frequencies, current output of each ECM branch is calculated for open-circuit and optimum shunt circuit conditions. The current of ECM branches are then converted to the displacement outputs in physical coordinates and validated by the finite-element simulations in ANSYS. It is shown that the vibration attenuation of a vibration mode can be successfully achieved when there is a reduction in the corresponding current amplitude of the ECM branch. This correlation can be utilized in the design of efficient linear/nonlinear shunt circuits.
INTRODUCTION
Piezoelectric shunt damping techniques have been extensively studied over the past decade as an alternative to the bulky mass-spring-damper systems for attenuating the vibrations of flexible structures. Piezoelectric patches can be directly integrated to plate-like structures, without adding significant mass and volumetric occupancy, and transform the mechanical energy into the electrical energy through various electrical circuit components and as a result, can attenuate the excessive vibrations. These resonant shunt circuits can be easily integrated to plate-like structures and used in many automotive, marine, and aerospace applications to reduce the undesired vibrations.
Accurate modeling tools are required for the circuit elements and the host structure to predict the performance of the shunt damping circuit. Hagwood and von Flotow 1 showed that a piezoelectric patch shunted to an inductive circuit forms an electrical resonance, acting as equivalent to a pure mechanical vibration damping system. Other research groups have used a network of multi-modal damping resonant shunt circuits [2] [3] [4] for broadband vibration control of flexible structures or implemented negative capacitance circuits [5] [6] [7] . Among the studies in the literature, multi-mode shunt damping method 8 is the most commonly used technique. The method employs a blocking circuit in series with each parallel resistorinductor shunt circuit designed to control one structural mode. The number of the branches in each shunt circuit are decided based on the number of the structural modes to be controlled simultaneously. The blocking circuits avoid the interference of the multi-mode operation such that each structural mode is controlled with one branch.
Equivalent circuit model (ECM) of piezo-patches on a thin plate with electrical circuit elements can be modeled in an electronic circuit simulator (e.g., SPICE) to predict the electrical outputs. The analytical and numerical methods for obtaining the equivalent circuit parameters of beam harvesters have been presented in the literature. 9 More recently, Aghakhani et al. 10 developed the multi-modal analytical and numerical approach for identifying the equivalent circuit parameters of multiple piezo-patches attached on a thin plate.
For obtaining the system parameters in the ECM model, an accurate implementation of plate with piezo-patches is required, but few analytical models have been proposed in the literature for vibration analysis of thin plates with surfacebonded piezo-patches 9 11 . In those reported works, the electromechanical coupling effect is included in the analytical models, whereas mass and stiffness contribution of the piezo-patches are ignored due to the low volumetric ratio of piezo-patches model which surface-bonde damping meth are measured currents are c reduction in t circuit.
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Figure 2Figure 2. Equivalent circuit representation of the multiple piezo-patch connected to a thin plate for multiple vibration modes (a total of m× n modes).. Demonstrates the equivalent circuit model of the multiple piezo-patch harvesters connected in parallel to an electrical impedance. Each vibrational mode of the harvester is represented as a second-order circuit connected to each piezo-patch capacitance . By applying Kirchhoff's voltage law to the multivibration mode circuit and using equation (1), system parameters of the equivalent circuit model can be determined. Table 1 gives a summary of the equivalent circuit model parameters. 9 Figure 2. Equivalent circuit representation of the multiple piezo-patch connected to a thin plate for multiple vibration modes (a total of m× n modes). Table 1 . Analogy between electrical and mechanical domains of multiple piezo-patches integrated to a thin plate
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where is electromechanical coupling factor, is natural frequency, and is the damping ratio. If the transverse point force applied on the surface of the plate is of the form f (t) = , then the steady-state responses in modal coordinates can be written as where the complex amplitude for the modal is coordinate and is the phase shift between the force excitation and the vibration response in modal coordinate. From the current balance equation in (2), the equivalent current of the harvester can be defined as 9 (6) .
Multimode shunt damping method
Multi-mode shunt damping circuit is used as described in 8 . In this model, each mode is represented by one branch. 8 Figure shows the shunted circuit, each branch consists of 3 sub-branches since the first three modes of the host plate is targeted for this study. RL sub-branch is used to reduce the vibration amplitude of a targeted mode, and LC sub-branches are used to block the effect of the other modes. Values of ( = 1, 2, 3) are equal to value of C (piezoelectric equivalent capacitance). The inductance values ( ) for the shunt circuits can be calculated from the following expression Where are the first three natural frequencies of the system. Values of 1, 2 and 3 are obtained from equations (8) (9Error! Reference source not found.). and (10). 8 Values of , and are optimized such that they provide maximum reduction in modes 1-3.
= 20 KΩ , = 7 KΩ for and = 6 KΩ. Figure 3 . Three mode shunt damping, each branch will be tuned to one mode of the system
RESULTS AND DISCUSSION
The geometric and material properties of the aluminum plate and piezo-patches are given in Table 2 Figure 4 shows the location of the three patches, the displacement sensor and the excitation force. Vibration attenuation is targeted for the first three modes of the plate and the patch locations are selected accordingly. The first three natural frequencies of the host plate are 55.2, 108.2 and 118 Hz, and the shunt damping circuit parameters are calculated using Equations (8), (9) and (10) and they are listed in Table 3 . C for the piezoelectric patch is taken as 595.5 nF. After generating the ECM model and the shunt damping circuits, electrical current of each branch is measured. Once the current flowing through each branch (Please refer to Figure 2 for the measured currents) is measured in SPICE software, first derivative of the modal displacement ( ) can be calculated using the relationship in Table 2 . Displacements in physical coordinates corresponding to that measured current values can be calculated using the force-displacement relationship in Equation 6 . hen the following equation 11 is used to calculate the displacements on the plate By following the above procedure using Equation 10, displacement FRFs are obtained as shown in Figure 6a . The vibration amplitudes in the first three modes are reduced significantly. In addition, a FE model of the plate with the integrated piezo patches are created in ANSYS software to validate the calculated displacement FRFs from the ECM. The Figure 6b shows the displacement FRFs calculated using the ANSYS model. When Figure 6a and 6b are compared, it can be seen that the ECM method accurately predicts the displacement values for the shunt damping circuit case. (b)
-Open circuit -Shunt cicuit for 3 modes 4 lists the reduction percentages for the ECM and FEM models. From Figure 6 and Table 4 , it can be observed that, ECM method, agrees well with the ANSYS simulation results. In the first three modes of the structure the vibration amplitudes are reduced up to 58%. 
CONCLUSION
We implemented a multi-modal equivalent circuit model (ECM) of a thin plate with multiple piezo-patches, to demonstrate the performance of shunt circuits. The equivalent system parameters are obtained from the modal analysis solution based on the Rayleigh-Ritz method. The ECM is integrated to the shunt circuits in SPICE software, where the each shunt branches are tuned to one vibration mode of the structure. Using the harmonic analysis in SPICE, current output of each ECM branch is calculated for open-circuit and optimum shunt circuit conditions. The current of ECM branches are then converted to the displacement outputs in physical coordinates and validated by the finite-element simulations in ANSYS. It is shown that vibration amplitudes are successfully reduced when there is a reduction in the corresponding current amplitude of the ECM branch. This correlation can be utilized in the design of efficient linear/nonlinear shunt circuits.
